Many neutron star models have been proposed over the years. Intuitively, one can think of some pairs of models as being 'closer' together than others, in the sense that more precise observations might be required to distinguish between them than would be necessary for other pairs. In this paper, we introduce a mathematical formalism to define a geometric distance between stellar models, to provide a quantitative meaning for this notion of 'closeness'. In particular, it is known that the set of all Riemannian metrics on a manifold itself admits the structure of a Riemannian manifold ('configuration manifold'), which comes equipped with a canonical metric. By thinking of a stationary star as being a particular 3 + 1 metric, the structure of which is determined through the Tolman-Oppenheimer-Volkoff relations and their generalisations, points on a suitably restricted configuration manifold can be thought of as representing different stars, and distances between these points can be computed. We develop the necessary mathematical machinery to build the configuration manifold of neutron star models, and provide some worked examples to illustrate how this space may be useful for studies of neutron star structure.
I. INTRODUCTION
A fundamental problem in high-energy astrophysics concerns the determination of the nuclear equation of state (EOS) of matter within neutron stars. Indeed, given a relationship between the thermodynamic variables of the star, such as the pressure, density, and temperature, a unique stellar model can be constructed [1] . Owing to the complexity of the physical processes involved, many different EOS have been proposed [2, 3] , each of which predict different macroscopic properties for the stars. Modified gravity considerations also complicate the picture, since the compactness of the star, and hence the mass-radius relationship, is ultimately determined by the ability for the hydrostatic pressure to resist gravitational compression [4, 5] . In the future, observations of neutron star masses and radii, coming from analyses of their oscillation [6] , gravitational wave [7] , and X-ray [8] spectra, may be used to identify the EOS by solving the respective inverse problems [9] [10] [11] .
Suppose that the configuration space of viable neutron star models (or some subset thereof), i.e. the set of EOS consistent with causal constraints [12] and observations, can be built (such as the set considered in Ref. [13] ). There should be a way to think about different members of this space as being 'close' to one another, or otherwise, in the sense that elements which make quantitatively similar predictions should neighbour eachother. It is the purpose of this paper to propose a formal, mathematical means to achieve this. In general, an EOS corresponds to a spacetime metric through the Tolman-Oppenheimer-Volkoff relations or their generalisations [14] . This allows one to think about the space of EOS as being equivalent to a specific collection of metrics.
In particular, given a manifold M, it is known that the collection of all Riemannian metrics on M, Met(M), itself admits the structure of an infinite-dimensional Riemannian manifold [15] [16] [17] [18] , often called the configuration manifold. As such, * arthur.suvorov@tat.uni-tuebingen.de given two metrics h and k on M, the metric G(h, k) on Met(M) measures the 'distance' between h and k. In this paper, we restrict our attention to only those metrics h and k which correspond to neutron star geometries. This allows us to consider a finite-dimensional submanifold Met NS (M) ⊂ Met(M) , wherein meaningful computations can be performed (cf. Refs. [19, 20] ). In particular, this submanifold is parameterised by the macroscopic stellar variables, such as the masses and radii of the stars, rather than the usual spacetime coordinates. This allows for a natural and geometric means to quantify the relationship between different EOS in a self-consistent way. The formalism has the benefit that one is not restricted to general relativity or any other particular theory of gravity a priori, since the only inputs are the actual metrics themselves. Typically, stars are defined within the context of a spacetime M , though we can perform a 3 + 1 split to work with a spacelike hypersurface M ⊂ M , which is explicitly Riemannian. Having constructed a metric G on Met NS (M), we can further compute the Christoffel symbols, and thus geodesic curves, which we speculate may have some relevance for stellar evolution.
This short paper is organised as follows. In Section II we introduce the mathematical machinery surrounding the configuration manifold. Section III explores the relevance of this space to neutron star geometries, and in Section IV we evaluate the metric (IV. A) and compute geodesics (IV. B) for a specific case of Tolman VII stars to provide a worked example. Some discussion is offered in Section V.
II. THE CONFIGURATION MANIFOLD
As mentioned in the Introduction, the set of all Riemannian metrics over a Riemannian manifold M admits the structure of an infinite-dimensional Riemannian manifold [15, 16] , denoted Met(M). In this sense, points of Met(M) are Riemmanian metrics on M: each p ∈ Met(M) bijectively corresponds to a positive-definite, symmetric (0, 2)-tensor over M. We consider M to be 3-dimensional (though this is not necessary), as later it will be identified with a spacelike hypersurface, defined via a 3 + 1 splitting, of a neutron star spacetime.
If the manifold M is compact, then one may introduce a metric 1 , in the L 2 -topology [17] , over Met(M) as [15, 16, 18] 
where α and β are tangent vectors to the space of metrics and g is some reference-metric. Intuitively, the measure of distance between two vectors naturally depends on the choice of basis and the origin, which is why it is necessary to introduce a base metric g within (1). A suitable choice for the metric g is the flat-space one, i.e. g i j = δ i j , since this necessarily corresponds to some limit of any given star (i.e. the trivial one where all thermodynamic variables vanish), and is thus a natural reference point for any p ∈ Met(M).
As it stands, the metric (1) is defined over the infinitedimensional manifold Met(M), which is difficult to work with. We restrict the domain to one in which α and β only correspond to tangent vectors to the space of neutron star metrics (see Sec. III). That is, we consider a submanifold Met NS (M) ⊂ Met(M), which inherits a metric, which we also call G through a slight abuse of notation, from its parent space via pullback (cf. Refs. [19, 20] ). The submanifold Met NS (M) is difficult to define explicitly in total generality since, depending on the included physics, there may be an arbitrarily large (but finite) number of parameters which describe the stellar model; the stress-energy tensor may be very complicated. Nevertheless, suppose that a star can be described by N macroscopic parameters: q 1 , . . . , q N , e.g. mass, radius, central temperature, polar magnetic field strength, rotational frequency, and so on, each of which is counted twice, once through α and again through β . These parameters q α and q β therefore define a natural coordinate basis for the 2Ndimensional space Met NS (M) (see Sec. IV).
With respect to this basis, the metric tensor components of (1) read [22] 
where 1 ≤ i, j ≤ 2N, and h and k are now just members of Met NS (M).
III. NEUTRON STAR GEOMETRIES
In general relativity and other theories of gravity, one typically deals with a spacetime (M , γ), which is Lorentzian and not Riemannian, i.e. the metric γ is not positive-definite. The space Met(M) described above therefore cannot be constructed immediately from a given set of stellar models. One must first uniquely extract a Riemannian manifold from the 4-dimensional spacetime. Such an extraction can be achieved through a 3 + 1 split, which is always possible for stationary spacetimes [23] .
As such, we restrict our attention to neutron star spacetimes (M , γ) which are stationary, so that there exists a timelike Killing vector ξ satisfying [24] ∇ µ ξ ν + ∇ ν ξ µ = 0.
(3)
One may now define the norm, λ , and twist, ω, of ξ through
and
respectively. A general line element on M may now be written in the generalised Papapetrou form [25] [26] [27] 
where the twist ω is related to σ through ω i = −λ −2 ε i jk D j σ k and D forms the covariant derivative with respect to h. The form (6) illustrates a 3 + 1 split of the spacetime (M , γ), and we denote the manifold associated with the Riemannian 3metric h as S [27, 28] . It is this class of metrics h that form the inputs for the metric G on the configuration manifold (2), once a suitable restriction of S is considered. Indeed, we recall that we must consider only compact manifolds M, else the integral within (2) may diverge. However, since we wish to measure the difference between two stellar configurations, it is reasonable to consider only the section of S confined by the stellar surface, i.e. we consider M ⊂ S, where M is defined by the presence of a non-zero stress energy tensor (see below). This M is to be identified with the domain of the integral (1). However, in general, two stars will have different radii, and so care must be taken to ensure that the whole star is always considered. That is to say, one considers the largest such M among the family of neutron star models within Met NS (S) (see Sec. IV).
In general, the components of h defined within (6) are to be subjected to some set of field equations. One typically introduces a stress-energy tensor T , which is non-zero inside the star, though vanishes outside (e.g. perfect fluid) [1] , which acts as a source for γ and hence h. The components h i j satisfy boundary conditions across the stellar surface, so as to ensure that the geometry matches continuously to some exterior [29] . For instance, static, spherically symmetric spacetimes in general relativity must match to an exterior Schwarzschild geometry by virtue of Birkhoff's theorem [1, 24] .
A. Spherically symmetric stars
To make the above more explicit, we consider the case of spherically symmetric stars, so that the various steps involved are clearly laid out. The general spacetime metric γ, in Boyer-Lindquist coordinates (t, r, θ , φ ) [24] , is given by
From (6), the line element on S reads [30] ds 2 S = B(r)A(r)dr 2 + r 2 A(r)dΩ 2 .
Consider any two stars, characterised by two distinct metrics of the form (8) , where the first star has radius R 1 , and the second has radius R 2 . Without loss of generality, we assume that R 2 ≥ R 1 . In the region R 1 ≤ r ≤ R 2 , the first spacetime is Schwarzschild, i.e. we have that
The metric (1) for base metric g i j = δ i j , integrated up to the larger of the two stellar radii R 2 (i.e. the largest M), reads
Consider, for example, a case where the stars defined within (6) each depend on only their respective central temperatures T and densities ρ c , e.g. star 1 depends on (T 1 , ρ c,1 ). In this case, the Riemannian manifold Met NS (M), equipped with metric (10), is 4-dimensional, and the metric tensor (2) has components (11) with G now given by (10) .
IV. WORKED EXAMPLE: TOLMAN VII STARS
We consider a simple, worked example to demonstrate the mathematical machinery developed in the previous sections. As is well-known, the Tolman VII solution is an exact solution to the Einstein field equations with perfect fluid matter [31] . The advantage of this solution is that the stellar density ρ has the simple form
for mass M and radius R. Despite its simplicity, calculations of the binding energy and moment of inertia for neutron stars with more realistic EOS match well with those of the Tolman VII solution for M M [2] . A curious feature of the Tolman VII solution is that the stars exhibit no mass-radius relationship; both M and R are free parameters 2 . This will not be the case for more realistic EOS, and other parameters, such as the central temperature, will feature instead.
A. Metric functions
In natural units, the metric functions A and B within (7) , for the Tolman VII metric, read [2, 31] 
where
Outside of the star, r > R, the metric functions continuously match to the Schwarzschild exterior (9) . Given the expressions (13)- (15) , one may evaluate the metric (10), thereby measuring the 'distance' between two Tolman VII configurations, one described by the pair (R 1 , M 1 ) and the other by (R 2 , M 2 ). The metric G is therefore parameterised by the coordinates (R 1 , M 1 , R 2 , M 2 ), and we have that, for example,
is the "R 1 R 1 " component of the metric tensor (11) . Actually evaluating the integral within (10) is, unfortunately, nontrivial owing to the logarithmic and trigonometric functions appearing within the functions A and B above, though can be evaluated numerically without much difficulty. Table I shows distances between distinct Tolman VII configurations for various stellar radii and masses. We see that, for fixed radius R 1 = R 2 , even for rather large variations in the mass 1.2 ≤ M/M ≤ 2.0, the distances are relatively small, with the normalised distance 0.2. However, even for 10% changes in the radius, the distance is relatively large for fixed mass M 1 = M 2 ; the normalised distance 0.37 for 1.1 ≤ R/10 4 m ≤ 1.3. This shows that two configurations with the same radii but different masses are 'closer together' than two configurations with the same masses but different radii. This is expected, since the central density within (12) varies strongly with radius, ρ c ∝ R −3 , while ρ c only varies linearly with M. Nevertheless, the mathematical framework captures this feature automatically.
B. Geodesics
To further explore the structure of the configuration space spanned by Tolman VII stars, we compute geodesics. While it is not clear if these curves have any physical relevance, it seems plausible that least action principles, applied to the lengths of curves within Met NS (M), might imply something about stellar evolution.
To this end, the problem may be thought about as follows: consider a star, initially in a state (R 1 , M 1 ), which then evolves to a different state (R 2 , M 2 ) through some physical process. Suppose that, whatever this process may be, the star evolves so as to minimise an energy integral on some appropriate configuration space, which may (or may not) be the space Met NS (M). As is well-known, geodesics, which extremise arc-length, also extremise energy [32] , and therefore trace some kind of energy-minimising evolution. Again, whether this is relevant to stellar dynamics is unclear, though, in any case, it is interesting to explore the mathematical structure of the configuration manifold. Figure 1 presents the geodesic curve on the Tolman VII configuration manifold connecting the points (R 2 , M 2 ) = (1.2 × 10 4 , 1.4M ) and (R 2 , M 2 ) = (1.08 × 10 4 , 1.26M ), where we fix R 1 = 1.2 × 10 4 and M 1 = 1.4M for ease of presentation, i.e. we consider a 2 × 2 block of the full 4dimensional metric. We see that the geodesic path connecting the end points exhibits significant curvature, indicating that the configuration manifold has a complicated geometrical structure. The curve further suggests that a star evolving, from the initial to the final states defined by the end points of the geodesic, may have non-monotonic behaviour in the relative mass and radius shifts which occur during the state change.
V. DISCUSSION
In this paper we explore a mathematical framework to quantify the 'distance' between different neutron star models. In particular, many different stellar models have been proposed in the literature [2, 3, 13] , some members of which should be, intuitively speaking, 'closer' together than others. The framework developed here allows for a rigorous definition of 'closer', by defining a distance, given by expression (2), on the configuration space of neutron star models, Met NS (M). We have shown how the framework may be applied in the simple case of Tolman VII stars, and have speculated that geodesics on this configuration manifold may imply something about stellar evolution; see Fig. 1 . While the work presented here is mostly conceptual, it is hoped that it may be useful in future studies of neutron star structure. It is interesting to note that nothing within the formalism developed here explicitly restricts us to neutron star models. For example, an extension to black hole spacetimes could be developed, though there are certain obstacles. In particular, the construction of the space M from S is not obvious in this case, since the asymptotic behaviour of the black hole may be relevant, e.g. asymptotically de Sitter black holes behave differently to asymptotically flat ones [33] , and a 'distance' measure should reflect this. This is problematic since the compactness of M, which is clearly problematic if one wishes to integrate out to infinity, is assumed so that the integral (1) is well-defined. If some compact hypersurface M of M can be constructed in an invariant manner which captures the black hole physics, or if suitably decaying conformal factors can be introduced [25, 26] , the formalism developed here would largely carry over. This could be used to quantify the 'closeness' of black hole models in different modified theories of gravity [34] [35] [36] .
There is some similarity to be drawn between the metric (2) and the thermodynamic Weinhold [37] and Ruppeiner [38] metrics, which have been used to study black hole mechanics [39] . In particular, the aforementioned metrics are defined as Hessian matrices of some entropy function, while (2) also has a Hessian structure. It is this identification that leads to a consideration of a relationship between geodesics and stellar evolution (see Sec. IV. B), since the dynamics of the thermodynamic entropy is clearly linked to stellar processes. This possible connection will be explored in future work. 
